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Abstract. The characteristic rule has so simplified the solution of problems of shock propagat,ion 
that many researchers have used it, far beyond its realms of validity. With the help of a simple 
example we show that it fails to even come close to the exact solution in most cases. 
1. INTRODUCTION 
Nonlinear effects, both geometrical and interactions with the flow behind, make the study 
of propagation of shocks very difficult. The characteristic rule for shock propa.gation is an 
approximate method to solve such problems ([3, 41). It is based on intuition and although 
in certain cases it gives very accurate results, there is no proof of the uniform validity of 
the approximation. A single example, where the a.pproximation fails is sufficient to show its 
weakness. 
In a hyperbolic equation/system, the equations can be expressed in characteristic form. 
This is an exact representation. The approximation next involved in the characteristic rule 
is in replacing the characteristic velocity by the shock velocity in the relevant characteristic 
form of the equation and assuming that it is valid along the shock. An evaluation of the 
validity of the characteristic rule has become very important since it forms a basis for 
methods of solving a large number of practical problems (such as shock dynamics). 
2. THE CHARACTERISTIC RULE 
\\‘e discuss here a very simple example, where the above approximation is invalid and 
gives completely erroneous results. Consider the equation* 
U2A’ 
ut + uu., + - 
A 
=O for-VIZ, t20, 
where 17 > -1, 
and the initial condition 
i 
x+17 
u(x, 0) = (4 
2 
17+1 ’ --77Lx11, 
0 , otherwise. 
(1) 
One of us (P.P.) is grateful to AR and DB for its support of the scheme “Mathematical Problems of Nonlinear 
Lvayes” . 
*Instead of (l), we could have considered the model equation it + UU= + y = 0 which can be derived 
as an approximate equation for forward facing wayes in a compressible flow in a tube of cross sectional area 
A. This equation will also show the invalidity of the characteristic rule, however we consider (1) since the 
exact solution is more explicit,. 
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The initial condition has a shock discontinuity at x = 1. A(x) could be treated as an area 
of cross section, which varies with x only. The equation can be put in conservation form as 
(uA*)t + ;(u2A2), = 0 
giving the shock velocity 
X(t) = u = (UL + up)/2 (5) 
where ue and up are the values of u to the left and right of the discontinuity x = X(t). 
Equation (1) can be solved with the help of the characteristic equation and the compati- 
bility condition given by the pair of ordinary differential equations: 
du u2A’ dx 
-- on - =u. 
dt= A dt (6) 
The approximation according to the characteristic rule is that, we treat the compatibility 
condition in (6) to be valid on the shock with u replaced by UL: 
dut $A’ 
dt=-A On 
dX u 
-ii-= * 
Here, if we choose u, = 0, that is, the shock propagates into an undisturbed medium, then 
we have U = 42, which gives 
dut u;A’ dX % -&-=---p z=y. (7) 
The system (7) can be solved very easily, using A(x) as in (2) and ul(o) = 1, X(o) = 1. 
From (7) we can also deduce a general result: ueA2 = constant, which is the A-M relation 
for the problem. This gives the solution for the position and strength of the discontinuity 
as 
These expressions are valid only for a small range of values of t, t < (2/3)(n + 2). As 
t + (2/3)(7 + 2) both u and X tend to infinity. 
3. THE EXACT SOLUTION 
However, the situation is different, if we consider the exact form of the equation for the 
shock. The restriction of (1) to the left subdomain can be written as: 
U 1 GA’ 
ut + -u, = --uur - -* 
2 2 A 
Taking the limit of this as we approach the shock from the left subdomain, we get 
due w(u,)t u,2A’ dX UfJ 
dt=-2- A’ x=-2_. (9) 
This differs from (7) in the presence of the term -(1/2)u~(u,)e. The system is not closed 
as (u~)~ is an unknown, which is not specified. The presence of the derivative (u,)~ in the 
equation for 1~ is typical in equations determining shock front positions (see [2]). This term 
represents the effects on the shock of the waves which catch up the shock from behind. In 
the case discussed here, (u,)e, can be evaluated by differentiating the implicit form of the 
solution of (1) and (2). However, the characteristic rule would amount to setting (uz)l = 0. 
The characteristic rule for shocks 
We can solve (l)-(3) to get 
- 715 22 I X’(t), (10) 
where z = X(t) is the position of the discontinuity at time t. From this we deduce an 
expression of u=(z,t) in the form 
uz(z,t) = 
2u 
[ 
1 
z+q+l 1+2(2+7+fi(11+l) ’ 1 (11) 
If this is used in (9) we get the position of the shock as given by 
X(t) = -(V + 1) + l/(1 - (1/4t)(7 + 1)2(s2 + 2s)}, 
where s is the positive real solution of the quartic 
(12) 
4 32 s4 + _s3 _ _ 
t3 
3 3 [(V + l>(V + 2)]3 = O. 
Ul(t) satisfying ul(o) = 1 when X(o) = 1 is obtained from the equation 
(13) 
(14 
It is easily verified that ul(t) given by (14) is the same as u(X(t), t) as given by (10) when 
I = X(t). 
4. RESULTS 
For t < 1771, the expression for X(t), ul(t) as given by (12) and (14) agree with X(t), 
UC(t) given by (8) up to 0(t2/q2). If the flow behind were uniform (i.e., 77 -+ co) then 
the characteristic rule would give an accurate estimate of the shock position for t = 0( 1). 
In all other cases, the graphs show the large error involved in choosing the characteristic 
rule approximation on the shock. For 0 < 1 + r] < 1, and t = O(l), the exact value 
of ‘u N (z!gy2 whereas the characteristic rule gives u - 
completely in error and is defined only up to t - 2/3. 
l/(1 - 3t/2)4/3, which is 
Figure 1. Plot of >I vs T, U vs T, eta=50. At T=7.5 error in X,=7.5%, error in U,=19.5%. 
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Figure 2. Plot of X vs T, U vs T, etazl.0. At T=1.5 error in X,=47.5%, error in U~=363%. 
X,,U,-Chnrartcristic 
rule 
Oh 
0 0.60 160 
T 
Figure 3. Plot of X vs T, U vs T, eta=-0.5. At Tc0.60 error in Xc=51%, error in U,=842%. 
For problems involving a hyperbolic system of two or more equations, such as gas dynamics 
equations, [I], the normal derivative term (corresponding to the term -(1/2)14(u,)e in (9)) 
may be evaluated by the short wave approximation. The accuracy in the shock position will 
depend on the accuracy with which the normal derivative term has been evaluated. 
The characteristic rule is a good approximation, when the flow behind the shock is uniform 
at .a given time t. When the flow behind the shock is non-uniform, the nonlinear effects 
which catch up with the shock are accounted poorly by the characteristic rule. Although 
the characteristic rule allows for a simple elegant solution, it must be used with great caution 
as its use is justified only for a very restricted class of problems. Unfortunately, its simplicity 
so fascinates its users, that they do not bother to check its validity. 
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